We discuss an integral form of the Cauchy initial value problem for the nonlinear Schrödinger equation with variable coefficients. Some special and limiting cases are outlined. For the linear case the inverse of the time evolution operators and estimates in the supremum norm are established.
INTRODUCTION
In [17] and references therein, the time evolution operator for the linear one-dimensional timedependent Schrödinger equation
was constructed in a general case when the Hamiltonian is an arbitrary quadratic form of the operator of coordinate and the operator of linear momentum; see [8] . In this approach, several exactly solvable models, that have been studied elsewhere, are classified in terms of elementary solutions of certain characteristic equation. A particular solution of the corresponding nonlinear Schrödinger equation with variable coefficients had been obtained in a similar fashion. In this paper we rewrite a nonlinear Schrödinger equation
in an integral form and consider several examples. In general, we do not assume that the timedependent linear Hamiltonian H(t) here is the Hermitian operator.
A GENERAL LEMMA: DUHAMEL'S PRINCIPLE
The following result is helpful in study of solutions of the nonlinear Schrödinger Equation (2) by a fixed point argument.
Lemma 1. Suppose that the Cauchy initial value problem
for a linear time-dependent Schrödinger equation can be solved in terms of the time evolution operator
and
Then the initial value problem
for the nonlinear Schrödinger equation can be rewritten as an integral equation
in terms of the time evolution operator U (t) for the linear equation and its inverse.
Proof. Indeed, from (8)
where
Thus, by (5) and (6)
Initial conditions are satisfied in view of
where we have used the fact that if
This completes the proof. When F does not depend on ψ, expression (8) solves the Cauchy initial value problem (7) for the corresponding nonhomogeneous Schrödinger equation.
The integral Equation (8) can also be rewritten in the form
which gives explicitly the inverse of the time evolution operator
for the nonlinear Schrödinger Equation (2) . Thus, in general, solution of the Cauchy initial value problem (7) is a problem of inversion of this nonlinear integral operator.
QUADRATIC HAMILTONIANS
The fundamental solution of the linear Schrödinger equation with the quadratic Hamiltonian of the form
where a
(t), b(t), c(t), d(t), f(t), and g(t)
are given real-valued functions of time t only.
Thus, the Green function (fundamental solution or propagator) is given in terms of the characteristic function
Here
, and κ (0) = 0. The second order linear equation
with
which must be solved subject to the initial data
in order to satisfy the initial condition for the corresponding Green function. We refer to Equation (18) as the characteristic equation and its solution μ(t), subject to (20) , as the characteristic function. As the special case (18) contains the generalized equation of hypergeometric type, whose solutions are studied in detail in [23] ; see also [24] and [26] . By the superposition principle, an explicit solution of the Cauchy initial value problem
on the infinite interval −∞ < x < ∞ with the general quadratic Hamiltonian as in (11) has the form
This yields the time evolution operator (4) explicitly as an integral operator.
INVERSES OF THE TIME EVOLUTION OPERATOR
In the previous section we have discussed how to construct the time evolution operator for the linear Schrödinger equation with the quadratic Hamiltonian (11) . In this section we study the inverses
H (x, y, t) ψ (y, t) dy (25) such that
First we formally prove the following orthogonality relations of the kernelŝ
where δ(x) is the Dirac delta function with respect to the space coordinates (do not confuse with a given function of time δ(t) throughout the paper). Indeed, by (26)- (27) one getŝ
in view of (14) with −β (t) > 0 and the integral
as the Dirac delta function. The formal proof of (29) is similar and is left to the reader. Now we have
A formal proof of the second relation U (t) U −1 (t) = I is similar and left to the reader. An integral form (8) of the nonlinear Schrödinger Equation (2) contains also the integral operator U (t, s) = U (t) U −1 (s):
with the kernel given by
and with the help of the familiar elementary integral holds in the case of the general quadratic Hamiltonian (11) (cf. [16] ).
